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YBOA B TeopusiTa Ha onepaTopHu anrebpu ¢ NnpunoxeHne B Mmatematumkara u pusmkaTa
Introduction to Theory of Operator Algebras with Applications to Mathematics and Physics
Nikolay M. Nikolov
Lecture 5

geZvao( Tﬁwrat - part 2
Rom indo
For A - umial commutative q[gebm -.
X{v‘\) '= {?C f 1is a (/Mmchr) e LA-C ia morphism of wn it ( a(gebras}
Belfand Map A Maps (XM)} @)
RN AL 1A
For mnidal commutrtive Banach a(gtbra a(X(ﬁ’» = 62(6«) )
= %¢ Bouded Maps (_X(A)) (C> |
Kernel ob the ge[«fm\o( Map = q {j'l J'el is a maximal i/(ealj
= 0 - for wnital commudniive Catytbs

\\(Praqao{\ﬁow H.H" IaF b4 [} mital commugriive Cia(glbﬁ genzmhﬂ(
L’\& &10; awd | ’4\/\% A = C(G‘;,(ﬂw

T OB IFYS
what s the rofle o«F 4
this conditon ?

ks a wm[&rg : %(a*a) < [0,%) for sed-mital C’ia@abm
e o (e = 5o (XI)) = {35 (0= 1) | 2e X[4)]

= 10D (=) = AR XY = 1)) "] %eX (4))
e [~
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frime ideal /npacm ualarn ) in wommutative assoclative aéeﬁm:

Def. 4 prime ideal ¥ in o wmmutative assoclative aéeﬁm A is a proper ideat
with He property: aheJ =D aecd or €7 (’v’a,bév4>.
Zero divisor ae A is such +0 tlwent that a-b=0 for some be .

Observation O. { /jr@rquer ideal T in a commutative assoclative 4éebm A
is prime i (D) A/T has no zero divisors <= iutegral domain )

O3NACT Ha yLAOCTHOCT .

Prof. [a-b)=[a)-[b) =0 & [ab]l=0 & abel. O

59_@[. A wmnltiplicative sygtem S in o commutative assoclative a%ebm A is
swch o gubsel that (€S 048 abed =D abe(,

Theorew Llet § be a multiplicative system in a commutative assoclative m%eﬁm A.
Inthe sot [ of all idesls 7€ A such that TNS = ¢ there is a makimal

ehment wrt. o the inclusion € order. L:Veroy such maximal elment is a
prime \deal .

M 0S¢ =D ¢+ P. We show that Hhe condition of the Zovn lewma
are satisfied « if Lc [ i hmrg ordered then UL E smea itic
an ideal (provem in lect %) aud (UL)()S' =g .

It cemalns to show that ¥ waximal elment J in I'is a prime ideal .
[e'[ an é:f. We neec/ ‘o S'/LOW 'zf/mf a-béj, a, b 42] /'m/oﬂes ‘hat
anl'fff and ”b‘/‘j are ideals bith 5\7 Sinee Jis maximal in T
bhan (Aat3)0 S # ¢ #(Ab+ NS 1 52 ¢S, cded st
cazS mod J ; d-b=4wmodJ =D (C-d)'[a-b)as-z‘ mod J .

B cie S and heha, 48 B (cd)(b) 1. = abdd (why!) D,
&mﬂd% In a commutadtive assoclative ﬂ?ﬂ)r‘ﬂ o :
NT<A| s a prime idmé} = {aeh|ais nlpotont Le Jnc i/ st a"=0]

Proof, €) Let 0"40 Yuet/. Then S'={l,a,0% ..} isa wultipliortive.
DI T-prime , adl. =D a§0{I-primel 2) Let a be w.‘l,omLemL.

Then (€ A/T 15 wilpotent, T T-prime = [23<0 (why?). 2 qe 4I-prime.D
ornllary In a unlinl commutadive assoclative alppbra f every maximal ieal is prime
2l ¢ F
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e Wosed ideals in C ~alycbras Guotient of CXalyedra.

Theorem 5. et A be a C:a/geém (pass*/z%; nanwniﬁf, nmcmmfﬁr*/wj
ond let T A be a closed two-sided ideal. Then T is self-adjoint e
aéJ = a”€ j J{ema )vq/j }ms’ a S?lrwcv"nrz 07[ a Barmc/) *—a/gugm.
F\Ar%h,crmore, A/ s a C"-aégebm,

L@MMQ 5.3 4t /ﬁea unital C'fa/da/ebm , aeﬁ’) a40 . Then
Ye20: H(a"m +£.()—|€1/4

a-[(a"o\ +£./)_|-a"a—— /I:] g—ob 0 . -

Prood. G&(a"a) ¢ [0\K)> =D H(a*m + €. {)—f ”a.[(a"m + €. /)_'a“a - 4] ” -
(a'fa)-l:(a*m t £. /)_l aa - 4]1”, B\& Propos:Jriaw b (3.

-—
-

7 (W‘g_?)
(a'fa)-[(a*m + £. {)_| a'a - 4]1 “: S'M.P li‘ ( 21 —4> — 0 . D
2ecylara)  \RIFE E=0

Praoqt of Theorem 5.4 fr wn ital azvﬁebmS. Wr{vq J i seﬁ-a/d'oiwé ?
let acd. D a*tac J. = (a“a-f-é./)_'-a*a €J.

=~ “ a* - (@%a)-(a'a+e.) "0’ | = la- a-(a%a+se ) @ta)) — 0 .
7 &E-(
eJ Singe. J-closed =D a*e T,

Clidentity in A/ 9 Enough do check + IITalll* < [ [a*adll ?
Recall 1[al]| = inf [lascl. let ceT and <ot U, = (c'-'c+&.l>—l- tceld.

celd
Then U, = U, and le-(1-ug) || o0 0

By Prop. H.13 => up 30 1mugz0, [-ugl < L. Theu:
l)ll" <l lla-a-u, 1" = bu I(a- @) (a-aug) |
oy 1wy (mug) | frd] e
fl_?\o [(1-ue)*aa (l—u£)+(1—ug)"-c- (1-ug ) I
’9:40 ” ("Mf)*(a*a+c>({"ug>” T “a*'a'f'c ” .

= @il o lesaccl = |2l O
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01.04.11 Moszo{ ideaZS in Commwan'l'IvZ C"—‘a(qebms

Theorem 54, let A be a unital wmmutative C* aZgzbm
(a) Every dosed prime ideal i A is maximal
() H3ed is a closed proper ideal then

= (WJ’C v4| Jes U') 7" is maximal idéntj_
Proof, (o) Let Yis o closed prime ideal. By Observation 51 AT has no 2ero
divisors and by Theorew 53 /Y is o unital commutative (“alyebra.
We ¢hall prove thew that u‘]/:] ¢ let ac ﬂ/:f and 6"'4[&) has at la¢d
two points x4y af,gec(@) ot f2)40 4 9(3) but F-9=0 (WAQ?).
Then a%)%om[a) and ) g(s) = 0. Hera Hacd: l64()]=1
0 Yaecus d2e C [az ) ot @u& Prop. .13 = a=2 |,

(b) Obviouséz) qe ﬂéJ ¢ A ) NE=R ) 77 tc maximal ideo\éﬁ_ 219
v4/] is o wattal, communtadive C"-n%e/)m.

Mlc Al 38T is maximal deal ) = h—% )77 A/ is waximal deal

NJ'Ch] Iea’, T is maximal ideal
073" lU”cﬁ/J s waximal. ideal
( J"< A/31 0"1s maximal ideal ) )

_\‘k
= arnel o) the Geland wmp = [
(f;"' cx eﬂbbms

Ag@zbmlc sets and 1%& v%'pofoﬂ iAa{ May jemern{z
Le% Abe o unital sommntative a(aebm
X(Vq) = et 0«& Charactes )

X,M (\/4)‘-: 43'94‘ 11s o maximal iduat } - "wmaximel gpectrim'
X, () = {6 4 [ o prie dentd - Vprime ectron”

Natural zmbLMiv\%g: X = Ker X

X(#) = X, [A) — X.(4)
N ——




01'\:):‘11 WC S'hﬁ“ MMSIﬁCU'
X(A) < X, (4) =X o(A) wnder the absve injections.

0wr resul4¢ Up P uow : X(,,4 = XW M) - for Banach ,,é‘b,m,
Xo(A)2 Xp(4) - fr Cabyebms
Tutroduce q[Dr' a ploper idecl TS A4
2(7) = {XeX(A)| X|y=03
2, ()= {TeX (A)] TeTh, £ "w?, "

wd st Z(A)= 4, B(4)- 4 (3= P

(1= R )nX(A)
Z.(7) = %@nxm()_

Maps in the inverse direction (a‘mw/ subsets to ldesls) :
T(S) = N kerX | for S€X(A);
Xe §

Té(s>::323 j/ 7 for IS‘ X (v4'> _n , ///’/

T(¢> = X(”), TE(¢) = X;{%) 741r E’ ”M”’ "p”.

/Va'zﬂ'/idn .' MCM% othorwise :pe;lq‘lea/ X;M), 2’; (7)) T}[S) il denote
OLVIg 07L The 'ﬂLrZC wsed X(,AO) 2(\7)/2'(‘5‘) or §= " and “PU'

Sete of a form ‘ZE(D are called algebmic sets (W-r-{- 4)

Proposition 5.5 () J,€J, =D 35(31) < 2}(]1) ;

SeSu D L) Tyls); Ve (1), 8eg(n().
(5) T & wital commutative C’imlaw Mo T(Z(@) =7,

€) ¥3, 3, - iduals EZ(JJ\JQ: zz(ﬂ)uz (3,)

4) ¥41,4,0p - Famiby ok tdats zé( 1,)= 0 &0,)

€0
\A/"\u?,'. - I, e M1
%\Zaj’t N{3'eh| 7 tdeal | Y, 0" (V4e8))
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"L lemma 86 Led {jﬁyﬁéa be a QCV\W\IZ\{\ o ideals in f and sed
N V= j%'+---+th. VALM:

oln"')ﬂ

0eQ nef o Q- q,6Q
VA

M_‘- Show +hat j%---;ﬁn is an 'Ia(m() j‘]n“')ﬁw 2, )

then show dhal rh.s. of Gk) IS am MMZ) and In fnchJ e lowes
\deal %MWIM!V\% ol jﬁ i

Pmo&‘- o,{- Pro!)os\“l\\o\,\ 55 (01) 1$ Q—H for‘ an exercise,
(6YY (2(7) 15 aluays dosed ideal as Wttrsechion o dosed iloats (lect . 4).

Since characters ou CX6lgebros are conkinuons 5?(7> = F(j).
By ThoremSY(3): 5= T(2(5))= T(2(7))

It 1 enoujh o chack () omd (1) fr g="p".

L) VIeX,(A): 5,¢0 o 3 e = Tl el 2"
g) Ascume the wntrarg: 3 Tprime ideal st T[0T T byt 7/(27’ (k=12).
Tien: Jaelh, ¢d a ¢V (e1,2). D a-q, €T (k=12). 6-q,€ 90T, T’
But Yis prime and a-a,€1'. D a,eT'or a,¢J" - outradhchon.

(@) ¥ I prime: ¢ Z,,(\{Ji) = VI, < Y o= Yy, el
= Hre@: Je 2, (%) = Ve 02,(%) . O

Uoro%q} 5.7 The systew of algebralc sefs %% (9) | - ideal 1n i }

dedines a */vfalo% on Xj (4/4) v derms of cloced seke | ).e. Zé[ﬂ)
are the closed Sets of this 7‘7;00475,

Brarcise: ¥ ¢ X, (4): &= Z(T,(5))
fint: IF S'= 3,03 = T(s7) = T(2,(3) 2 0.
= 5\15(15(5"» = 2;(@ =57, = %(I;(S"D =3




ot Remark. This topoﬁgg i the case of f-mHeZg genenied a%@bms
[the case in algebralc %ome%rg,) s called 2anist ‘fﬁpo&ag

(ﬂwonow& K 3apucm> oV )<P (54) . H is nom*/{aksdﬁr{]ﬁ omd evey

not Ty lin geveral) 703 {Tek, (A)] 3y | JeX,(4).
But thig Wev\k °V( conrce on e the algeba A awd we shall see
below it e above sfwlq% For 6 wnltal ommugdadive C*—a/@é/fﬁ
s ﬁﬁ\w\jf OOW\@AOJ’ Hons do

Vote the {o/m(oja'zs of aljebm}c sets on XU) and XWM) coivelde with
the tndued ones by the {'apo(olqg,a—f a(gcbm/c sets ou Xp (A4) (wﬁ;?).

me“’fm” 3.8 let A be o wnital commutative a/fzé 4. ﬂéw
XW,[A) and Xf, /04) are wm/mav’ spaces .

Prvof. Recalt (Y, T) is compact 1‘»/:047/&/ space =D VoeT
s+ Y= U0 30 ﬁg;.()- st V=00 . In tferms of the mmp/zmm/'ﬁgl
hosed sete F-|Fey| yspeot: i 0F=¢ 937 ¥
sti. nF, =Y. 770«5,7‘111 compactness of (v, 7) is ¢4y valent 4o -

YT = fomity of olosed sets s V%EZ.D[J NE+¢ =D NF=/g
Let us check Hhe abpue criferion for XE[J)) < "wm" and "p’.

Zé’/ (7Z’= '{2}(5%> ’ 75 &j —ﬁm/(of( af ﬂlglﬁfﬁ/c sz/: S,
VMé/f/J ’V%,-..)%é& : é gé(ji‘) 74¢ WAJ Q’%ﬂ%)%%?

wkg?& ~

Vite kﬂ 22(77‘() = 22 (Jq,,.-.)7k> ;é¢ ¢=D f?“_“) %— preper.

Siwtlrly, 02,(1,) = QE(ZWW Y, e

By lewma 56 é/ji =V U T and Teci !

Jis proper D TCWIF [/) for unita  commudative 4%/d>mﬁ,
Thus /3y 15 proper = NF=2(vi)f¢. C

/

Is this true in gzwsz Loy Z(J) ’? -
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01;(;%1.%1 740{0{/7[‘0”4[ UZﬂCﬂY’ meI hp”égs@

[.) led V be ampact Haucdorff space . Then [ is "regutar ’) i
VS Y Vye YN U V,E Y Seu yel, UnV=4

0pe n

Prvo—]C, Y is Hausdordf =D
S@Y(Dx Vied, 34, Y, opf;hy,»ééuhae\/uu{nvfﬂ

{Mij%‘g - twvers S’i: &(ma{ =) &’Lr Mw;fﬂczz. =) J’é Llfl(/---u uéh:.u
Vi= Vyn-oal, . O

.2.) led YV be compact Haucdorff spac . Then | is " norwad ’, ie

J

Y P+, aa,i/\/ (-1,2), $i08, =&, I Uy oper Y(ela), § b, Unty,= ¢

Pr‘oaf. S?m,‘é{r :

3.) Mryso/n s Lemma (/&/m Ha Zoum«), I Vis normal space and
§,8 —as i 2) hn ILEC(Y) st flg =0, Flg <L

PC%Z‘/CA 07/ 7%6 fﬂ?%[. /ﬂt “ ane/[/ny) ”é!nél‘ﬁ[%ﬁaé/;,/ 7220[!/#4 (3. /0>
Enumernting 4l mbional numbers in [0,17 ,0,-- we construct
nductivel® Vg Lot Vs e, gl Yy

Then 7”(43)= imf{q[gel/ru}dfw ye V] omd jf'[y\vq =0. O
q-) Lot 7 be a set | M ¢ Maf:(&, 6) e s that ﬂ;z/mm?%s

The points of S if Vx,;é‘/ IFFEN st Fx) #£14). WZ;,,/ Yoot
[ does nod vanish at every peint ol S'of Yxe 1 Jfel) ffx)#0.

5) Sone- Welerstrass Theorem | Teapens wo Cojpn- bsgpugpac ).

let V be compact Wrnsdortt sprce | A, € C/V) s ﬂrdn[;ﬂm Y at
se,mmv‘es Fhe polnis of Y ,_A, does nod vanlsh af ever /alwv‘# Y,
selbaljoint + A= A" Then vy = C(l/) In the v%pﬂéﬂ o} wnifor nofm

Pﬁﬁ_ Rudin Pr:‘m!/a&s of M%Aema\ﬁa/ﬁna%ﬂf’/) Secte. 39~ 131,
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012411 7%2 C%Zﬁbr‘ﬁ C(Y)

Theorem 5.9 Led YV be Compact Hnnsdordf space . Then C(Y) s
o waltal commutative C"—m(gebm and the natural map:
Y= X(c(¥) g%, , 2,[8) =4l vyet

(s o t\o Meo morp Y

M l> (Eor ever ‘éopaéoglcaf sr.ma Y C(V) is a &éseﬁ/ SV\IKG)ACL
tw Bonnded ans (%/ )

H At < ClY) 431 then 1€ C(0) 7
I j:,f(z) , gr0: JU,- nei%baurhaa/ of x, 5.4

) < Byly)={y ly-glee]

) 46| < [Fa) - £,6)] + [hlr) = A6 + 102 - F0)
<£/3 < g/:‘ < Z/_'g

Ten foe k2 4(%) [ [fte)-#0) € |h-f] < %), W £( Bey(s)
Thus, CY) 15 & uwital commutative  C* algabm,
l} \/\//\\a Y — X(c(y)) Shs ’)Cér (s a b.’jecv‘taw [guemgm\ﬂ
It s I\A&EC‘HUV\ -. bg Urysom's Lemma - if 44y, IFECY) < fy)#4y) - AL
Tt s surjection: Lot xe X(0(r)), we need 4o chow that  (1{§7(0)|f€ker X } ¢
Indeed = if ye 0 {§7(0)| feker X | thew Xg(f)hf(#):() Yfeker X and > K< 1
shnee x3(4)=9<(,)=; (snd ler X, < ker ) .
We shall prove more ?&uemf sfrfemuent :

3) Let e C(y) - proper ideal . Then Zy(7):= 0 {£00)| f€Y # ¢
(i 16 also dosed as intersection of cloced m,im‘:)_

M We use e criterimn used i Prp/m}-hon 6‘,2: we show that V4.4 €J:
A40) # ¢ and ten it wll pllow ot n{f') | fe3 #¢.

A{suw Yo amimry, 34, )7‘ eJ s+ A (o) = g. = | %)\ 4|4 ()[40
(v eY> D (I£ 5+ 14, e C(y) (why? - Vi toM/mc-/)

Blﬂl iqu ) = Z jﬂ 7£/¢ e T . D contradicdion 7- IUfD/lff
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4) Set tn additon Z,(0) =@ For 90 T,[(8) = {feCY)I4lg=0}

Then VCéSea( ideal J <A Ty(?y(J)) :j; ()

Volosed S€Y Zy (T4 (8)) =57 @)
Vote first: under the identification Y = X(C[Y)) ; 2‘( (v) = z2(5) .
Thew [4) V%%ws /><7 Thesrewm S 3 [b)
(2) : 2) - b the definitions; €) assume quéz\/ (T (5‘)) ye S
B\& l/(rasa W's LEMWM 37CGC(‘/) 1. -f() ;HQ 0. 7%/5 contradicts
b fe X (s) ) ye 2 (To(9) re 7%) 0.
5)Thus, we have one-to-one wrrespondena between dosed sefs and
osed ideals

IY

closed subsets \ L o
'{ in Y X d__g\{_ i C(Y)

A

. 4 ,
| “ardst ) = N

|

under the bi&eoﬁon Y X(C(Y))
= YZ‘X(C[Y)) is howeoworphism . L]

Morphisms and contimaons maps.

This relation is most Transparent in X(ﬁ) :
led A and B be unital commutstive a(?z/)ms' P 04_9% be a morphis

o{ un/tal ﬂfyﬂ’m‘ Jedine - ¥* (%)
\%
e X(B)— X(A) + K > %o b 04/}—/;3

EVEY) - {rex(m)] vl ez(a)) - {xex[m)| v(x)]y =0
= {xeX(®)] g =0} = {rex() lr) < ker b= 2(B.407))

G” K>—’,¥{\7) = 2(73 }”(])) = [verse mey 07Z an M?zém/c sef s ﬂ/;zbmfc.
=) P%is wnMumous .
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Cora&m\% 540 For /) \Am\‘to\z) oomvv\u‘tn'éwé Cﬁm%ébm \74
e C(X(V‘D) Vaecd o the Geland map a0 A — C{XMD,
M Enou%\\ o pove fr a=ax. B? Prop. 413 C(G"A(M)>"—_’ ] .

=> ([l = C(5() X(cl) = X(c(e, )= o
1 (1 inoly ces " V
QC/ 1 f /t:’a\
A X(4) T
Check: )W) = X[, 8 = 1,
%or ¢—> X e—s 2=9((n)=a(?f>
* ll*
12 =

W) =) (F®) = x(f() = 70/(:)(7() = (£.2)(0) = F(8(x) = £(x(=)
I

L) =F2) Wel(a ) D 2- @) =80

Kama) 4 1s coutlnuous as cow;}aaml{ou of conHunous maps. O

The %opoégg on X(A) i< bausdoriff dor a unital | commuhive Cabebrm A

Tenite G A — C(_XM)) A 8~ the Gelfand map .

let 2,0, e X(A), 142, = 3acd: 2,()#26), e b(0) 1 B(R,).
=) 9(/7) separntes +he points of X/#) T ales does uod vanich 4/
everé peint of 4 sinee /l\(?() = 2’[/) = 4 V?(g}f//).

Tnorder o apply dhe Stoue-Weierctmcs fheorem we ﬂh% nttd
§how ﬂm% XM) s //Mw/w—%/ /we fnow -1 is &om/%'d/).

TO This ¢ud lef ﬂ/,'f;tz ) a(KJ f 3(7(*) 4s @}”W- J U,V o;iq ¢

st Q)€Y (e=1,2), VNV, =@ D U= A 7(1) 8 X ()
€ U, (kst2)  U0U =@



N.N

01 941 4&%@ SH. If Ais untal, commtntive Calgebra then XIA) is a compact
/{Mfso(or'# S/Qﬁfe ahﬂ/ﬂw &%hl/ Mﬂf 14/’"’ (/X//}) 30({—031 s [somar/o/f/.rm.

Swmmarz For a unitil, commytadive fiqlgtﬁm A

1) X(/) - MMFMCJ /&us&(ﬂr'% w.r.. ﬁ/ﬂé?y

{céseo( S'Mbse%gj = I > {Mosed z‘deﬁ(s'j

of X (A) - ,{Z of A

~inverse maps.
.2.) A= C(X[/)) wnder the Gplfand map
3.) e V- mele /&MSﬂ[ﬂf‘% space Y%X(C(Y» '- gf"” %j

homeomsrphism,

Lf-) V%/‘% ~wnital , sommutative CZalgebris, E: =B -wmorphisa,
of vnital *—m{?\ebms SN X/B) — XM) LY Xo

conHunuoms

(bov) = vor* (v B>E)
)Y F Y =Y contiuyons betweon tompact Kausdsrt spsces
Fﬁ! C(Y’) — C(Y) : 70 — jeo[: - Wnor[ah}sw, o»]t Mn/b‘ﬂ( Ciaé.
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